Difference sets with parameters (v, k, 2) may exist even if there are no abelian (v, k, ,~) difference sets; we give the first known example of this situation. This example gives rise to an infinite family of non-abelian difference sets with parameters (4t 2, 2t a -t, t 2 -t), where t = 2 q. 3 r-5.10', q, r, s >/0, and r > 0 ~ q > 0. No abelian difference sets with these parameters are known.
INTRODUCTION
A (v, k, 2) difference set is a subset A of size k in a group G of order v with the property that for every g in G, g ¢ 1, there are exactly 2 ordered pairs (x, y) ~ A x A such that
xy -1 =g.
A difference set is said to be abelian (non-abelian, cyclic) if the group is abelian (non-abelian, cyclic). If a group G has a difference set A then the set {gA : g e G} forms the blocks of a symmetric (v, k, ,~) design with point set G. On this design G acts by left multiplication as a sharply transitive automorphism group.
Difference sets were first introduced in cyclic groups in the study of projective planes [6, 10] . Most progress in the study of difference sets has occured in abelian groups; indeed the term "difference" comes from the abelian (additive) version of the formula in the definition.
Difference sets with parameters (4t 2, 2t2-t, t 2-t) are often called "Hadamard" difference sets or "Menon" difference sets. They are known to exist in abelian groups of the form Z~x Z~ x Z~ b [5, p. 628; 21] . The existence of abelian (4p 2, 2p a -p, p2 _p) difference sets for primes p > 3 was ruled out by McFarland [20] . The existence of (4t 2, 2t 2-t, t 2-t) difference sets with t divisible by any prime greater than 3 were previously unknown. In this paper we construct non-abelian difference sets with t divisible by 5.
Little is apparently known in general about non-abelian difference sets [14, p. 243] . The author hopes that the discovery detailed in this paper will stimulate a search for difference sets in non-abelian groups. At the same time as this discovery, Xia announced in [24] the construction of abelian difference sets with t divisible by p4 p being prime congruent to 3 modulo 4. The parameters (4t 2, 2t 2-t, t 2-t) are a fertile ground for further research into difference sets.
Let ZG be the integral group ring of G. Given a subset J of G, equate A with the element Zg~ g of ZG. More generally, for an integer m, define
Then a subset A of G is a difference set iff in the group ring ZG,
Standard introductions to difference sets occur in [5, 11, 15 ]. Lander's work, [15] , now out of print, is an exceptional text and we will assume some familiarity with Chapter 4 of that book.
The representation-theoretic approach to construction of a difference set requires examining Eq. (1) under the images of various irreducible representations. This approach has been promoted by Leibler (in [ t7, 18] ) and a general attack on groups of order 4p 2 has been initiated by Iiams [ 12 ] .
Call a representation ~b of G sufficient if every member of ZG is uniquely determined by its image under ~b (see [ 18] ). A sufficient representation is necessarily faithful; the converse is not true. The direct sum of all the irreducible representations is a sufficient representation. We assume that each irreducible representation is a unitary representation, and so ~b(g -1) = O(g) t, the conjugate transpose of ~b(g). If ~b is a representation which does not have the trivial representation as a constituent then q~(G) = 0. If ~b is a non-trivial irreducible unitary representation then For the remainder of this paper, G will be the group of order 100 with presentation 
The unique Sylow 5-subgroup of G is the commutator subgroup G'=(a,b).
A will represent a subset of G of size 45. The first step to finding a difference set is to find the irreducible representations of G. Any linear (that is, one-dimensional) representation will have the commutator subgroup G' in its kernel. In this case GIG' is isomorphic to the cyclic group of order 4 and so G has four inequivalent linear representations. The linear representations are defined by The four cosets of G' partition A into four sets:
Or, by viewing sets as members of the group algebra, we have
We apply the various linear representations Zj, J = 0, 1, 2, to Eq. (3) and find
Zo(A)
This allows us to solve for IAkl = lzl ~ G'c k] in terms of zi(A) and we find that the multi-set {IAkl} is either equal to {15, 10, 10, 10} or {14, 12, 11, 8}. This is the first combinatorial fact given by a representation and we summarize it in a lemma. Using the fact that the inner product of two rows must be -5, we discover that either all rows have pattern (i), all rows have pattern (ii) or there is a mixture: one row is ( -41111) or (4 -1 -1 -1 -1), and the remaining four rows are in the pattern (3, 1, 0, -1, -3). These give the four cases M = + X 1 , + M 2 in the lemma.
We have found up to permutations of rows and columns, coj(A)= 9J + M.
To find a difference set we need to find coj(A) exactly. So we view the group F= ( ~, fl : oc 5 = f14 = flo~fl-lo:-2 = 1 ) in several different ways. The representation ¢ suggests that we view F as a particular subgroup of Sym (5), the symmetric group of order 120. Explicitly the permutations (0 1 2 3 4) and (1 243) generate a subgroup of Sym (5) isomorphic to F and we may equate 0~ with (0 1 2 3 4) and/~ with (1 2 4 3). The representation ~, merely represents these elements as permutation matrices and we may extend ~ to permutation representation of Sym (5) We will hereafter equate a permutation ~k with its permutation matrix O(~k) and so we (somewhat sloppily) summarize the above equation as
If A is a difference set in a group G then for any g in G, a in Aut(G), gA ~ is also a difference set, said to be "equivalent to A." Since conjugation is an automorphism, A will be a difference set iff g Ah is. So we will assume without loss of generality that coy(A)=9J++_~zk(Xi)7c; (i=1 or 2). The matrix X 2 is in the center of Z Sym(5) and so we may assume further that in that case the difference set has been transformed so that coj(A)= 9J___ )(2 =;. A further simplification can made if we note that the permutation matrix corresponding to (13) (24) 
Given J~(L), f(H) and the sum k=ZalllinesL, f(L'), we may retrieve the original function f on the line L:
In our case, the lines are members of F and our six parallel classes are the four cosets of (~) along with the rows and columns of our 5 ×5 and that all of these elements are fixed by the map x--+ x -1. Case3C. On the other hand, we might assume that coy(A)= 9J+ ~rk(X1) 7r t and that cases ii or iii in Lemma 1 occur; that is, d intersects cosets of G' in 14, 12, 11, and 8 points. This forces either rc k = (34) and ~zt~(34 ) or the transpose condition (rck= (34) and ~l#(34), as in the example) and we discover two results, up to equivalence and inversion: A 9 when coj(d) = 9J+ ~rk(X1) ~r~ and dlo when coj(d) = 9J-rck(X1) rc 1. The inversion map x--*x -~ adds All and A~2 to the list.
matrix. We have k=~alilinesl:f(L')= [A] =45 and f(H)
isf(L) = {f(L) -45 +f(H)}/5 = {f(L) +f(H)}/5 -9.
PASTINO IT ALL BACK TOGETHER
Now ¢ =ZQ (~6=lcoj) is a sufficient representation. We have found solutions to (4) for the co/. and now we need to find a set d which simultaneously satisfies (4) for all the coj; that is, no matter which subgroup Hj we choose, A looks like the image of a difference set in G/Hj.
The first eight solutions, above, require that A intersects cosets of G' in 15 or 10 points. The last four require that A intersects cosets of G' in 14, 12, 11, or 8 points. If this occurs then all six images of A (or A (-1)) under the natural maps into G/Hj will be equivalent to either A 9 or Z110' We will show that this is impossible.
Suppose that A9 or Z11o is the image of a (100, 45, 20) difference set in our group G. Pick two subgroups, say Ho and H~ (so that G/Ho ~-G/Ha ~_ F) and then consider the coset of G' intersecting A in 8 elements; arrange these 25 elements in an array so that the rows correspond to cosets of H 0 and the columns correspond to cosets of Hoo. We may do this in such a way that the "lines" of slope 1 in the matrix correspond to cosets of H1, etc., and we may assume after applying a translation or automorphism of Zs, that the row and column sums are 0, 3, 1, 2, 2. (The sums along lines of slope 1 must also be in this pattern or a variation of the pattern after a translation by an element of Z 5 or an automorphism of Z5 or a combination of these.) There are then 24 solutions to the row and column sum restrictions. In none of these cases do the cosets of H1 (the lines of slope 1 ) yield an appropriate element of Z(G/H1)~-ZF. This rules out ~bj(A)= A 9 or A lo for the group of order 100 that we are considering. Similarly, A 11 and A 12 are impossible also.
But fortunately the other eight ZF images are more complicated. Richard Stafford, Robert Morris, and Ted Shorter at the National Security did a computer search using the elements A1, zJ2, A 3,---, A8, and found a number of simultaneous solutions, including This is a difference set! The six different images in ZF are equivalent to A 5, A7, (twice) and A 8, (three times) and so "Case 3B" of Theorem 3 gives a positive result.
An integer m is a weak multiplier of A if A (~ = A. Many Hadamard difference sets have -1 as a weak multiplier; that is, A (-1>= A. The existence of abelian difference sets with -1 as multiplier is apparently closely related to the existence of Hadamard difference sets (see [23] ), although the situation is different in non-abelian groups (see [ 19] Z3 x Z 4 x Z 2 has a Hadamard difference set with multiplier -1 for all nonnegative values of s, a, and b, a+b>0 [5, 2l] . We may recursively use such a group and copies of G (our particular non-abelian group of order 100) to construct difference sets with multiplier -1 in groups of orders 4t 2, where t = 2 q. 3 r. 5 • l0 s, q, r, s/> 0, and r > 0 ~ q > 0.
